The local expansion rate of the Universe is parametrized by the Hubble constant, H 0 , the ratio between recession velocity and distance. Different techniques lead to inconsistent estimates of H 0 . Observations of Type Ia supernovae (SNe) can be used to measure H 0 , but this requires an external calibra- Measurements of extragalactic distances have revealed that the Universe is expanding (1), and the expansion is accelerating (2, 3). The distance-redshift relation is normalized using the Hubble constant H 0 . The value of H 0 has been inferred directly from the distance-redshift relation in the local Universe, e.g., (4, 5) , and indirectly from the cosmic microwave background (CMB) by assuming a cosmological model (6, 7). Some researchers claim that these two determinations do not agree, differing by a formal statistical significance of more than 3σ (8, 9).
tor to convert relative distances to absolute ones. We use the angular diameter distance to strong gravitational lenses as a suitable calibrator, which is only weakly sensitive to cosmological assumptions. We determine the angular diameter distances to two gravitational lenses, 810 Measurements of extragalactic distances have revealed that the Universe is expanding (1) , and the expansion is accelerating (2, 3) . The distance-redshift relation is normalized using the Hubble constant H 0 . The value of H 0 has been inferred directly from the distance-redshift relation in the local Universe, e.g., (4, 5) , and indirectly from the cosmic microwave background (CMB) by assuming a cosmological model (6, 7) . Some researchers claim that these two determinations do not agree, differing by a formal statistical significance of more than 3σ (8, 9) .
Various interpretations for this discrepancy have been suggested: e.g. a modification in early Universe physics (8, 10) . Other researchers claim that the tension is not statistically significant: e.g. that the tension is only at the 2.5σ level (11) or less (12) . H 0 determinations using galaxy clusters and ages of old galaxies at intermediate redshift (e.g. (13) ) are in agreement with the value from the CMB. If confirmed by further measurements, preferably using independent methods, this discrepancy would call for a revision of the standard model of cosmology, Λ Cold Dark Matter (ΛCDM).
There are multiple ways to measure distances in the Universe based on our knowledge of an object whose distance is measured. One of them is the "luminosity distance" D L , which is defined based on the relationship between the measured flux F and the known luminosity L of an object; D L = L/(4πF ). Another way to obtain distance is via the "angular diameter distance" D, where the measured angular size θ of an object is related to the known physical size of the object r as D = r/θ. Luminosity distances to type Ia supernovae (SNe) can be used to determine H 0 ; however, they provide only relative distances because of uncertainty in their absolute brightness. SNe measurements of H 0 must adopt an external calibrator of the absolute distance scale, which we refer to as an anchor, to fix the overall normalization of the distances to SNe. Existing local distance measurements use Cepheid variable stars, parallaxes, and / or masers as anchors (4) , thereby constructing a distance ladder.
We apply an independent method (14) to measure angular diameter distances to strong gravitational lenses. We apply it to two examples at z = 0.295 and 0.6304 with time-varying source brightness, where z is the redshift. Our goal is to use the two absolute distances to anchor the relative distances of SNe, constraining H 0 . If we can determine the absolute distances to z = 0.295 and 0.6304, we can use them to calibrate SNe data over a wider redshift range 0 < z < 1.4. From this, we aim to determine the expansion rate at z = 0, i.e., H 0 . This is an inverse distance ladder method (15, 16) .
Gravitational lensing occurs when photons emitted from a background source are deflected by the gravitational potential of a foreground massive object, such as a galaxy. An observer sees photons arriving from different directions at different times in the case of strong lensing, and these form multiple images on the sky. We show images of the two lensing systems, CLASS B1608+656 (17-19) (hereafter B1608+656) and RXS J1131−1231 (20) (21) (22) ) (hereafter RXJ1131−1231) in Fig. 1 A-B, and schematics of the system configurations in Fig. 1 C. The foreground galaxy that dominates the deflection is defined as the main lens, while the deflections caused by any other structure along the line of sight external to the lens is parameterized by the external convergence, κ ext .
When the source brightness is variable, the arrival time difference between photons from different images (i.e. the time delay) can be measured. Physically, two effects contribute to the difference in photon arrival time: the projected gravitational potential of the enclosed mass, and the difference in geometric path lengths between images, which are summarized as the Fermat potential φ. The time delay, ∆t, between two images is given by c∆t = D ∆t ∆φ (23),
where D ∆t is the time-delay distance It is possible to measure the angular diameter distance to the deflector, D d , directly using a simple spherical lens model which relates the radial mass density profile ρ(r) to a radiusindependent velocity dispersion σ 2 following ρ(r) = σ 2 /(2πGr 2 ) (27), where G is the gravitational constant. The time-delay difference between two images in this model is given by
2 )/(2c) where θ 1 and θ 2 are angular positions of the two images (as illustrated in Fig. 1 C) . The image positions are related to the velocity dispersion as
. This expression allows us to determine D d from measurements of ∆t, σ and ∆θ. Similar, but more complex, relations hold for more generic lenses with different density profile and velocity structure (14) .
The scaling of D d with ∆t, σ 2 and ∆θ can be demonstrated by a qualitative argument. The time delay constrains the projected gravitational potential of the lens within some characteristic size of the system r (e.g. the effective radius of the lens galaxy, where half of the total light emitted from the galaxy is contained) and mass M , ∆t ∼ GM ln(r), while the velocity dispersion of stars in the lens galaxy, σ 2 , constrains the gravitational potential of the lens, σ 2 ∼ GM/r.
By combining the two, r is constrained, and by comparing r to the angular separation of lensed images ∆θ, the lens effectively becomes a ruler, allowing the angular diameter distance to the lens D d = r/∆θ ∼ ∆t/(σ 2 ∆θ) to be obtained. The physical interpretation of r depends on the lens mass distribution. We adopt the modelling of the lens mass distribution and source light for both of these lensing systems (17, 20, 28) ; this allows us to use ∆t and σ from observations but model the full surface brightness distribution of the lensed source (instead of ∆θ) in deter-
As D d ∼ ∆t/(σ 2 ∆θ), the uncertainty on D d is determined by those on ∆t, σ 2 and ∆θ; the uncertainty in σ 2 dominates (14) . GM/r is determined by the radial component of the stellar velocity dispersion, which is not observable directly. We must assume a 3-dimensional structure for the velocity dispersion to relate the observable line-of-sight σ 2 to just the radial component.
This velocity anisotropy is the dominant source of uncertainty in this method (14) .
Published observations of the lens galaxies provide the velocity dispersion averaged over an aperture of a fixed physical size, which we refer to as the kinematics data. The velocity dispersion of RXJ1131−1231 is estimated via spectroscopy with a rectangular aperture of area 0.81 × 0.7 , where the center of the aperture is placed at the center of the lens galaxy. The effective radius of the lens galaxy is R eff = 1.85 ; thus, the half width of the aperture is ∼20%
of the effective radius. For B1608+656, R eff = 0.58 , while R ap = 0.84 × 1 , equivalent to ∼72% of the effective radius. (19) and 323 ± 20 km s −1 (22) for each lens, respectively), while the horizontal location/width of the box ranges from the shorter half width to the longer half width of the aperture, normalized by the effective radius of the lens galaxy. We vary the slope of the mass profiles γ to 1, 2, and 3-σ of the posterior probability distribution (28,29), shown as the densest to the least dense shaded areas (A) B1608+656, and (B) RXJ1131−1231. We use flat priors on the anisotropy parameters r ani = [0.5, 5] (OM) and β in,out = [−0.6, 0.6] (TPE). Our models are compatible with the measurements: the boxes overlap substantially with the 1σ regions.
In Fig. 2 , we illustrate varying sizes of aperture with fixed aspect ratio, to show how nonspherically symmetric velocity dispersion change the predicted aperture-averaged line-of-sight velocity dispersion, in a power-law mass model where the mass density of the galaxy follows ρ(r) ∝ r −γ , where γ is the slope of the mass profile. We adopt two parameterized models of the velocity anisotropy, Osipkov-Merritt (OM) (30, 31) and a Two-parameter Extension (TPE)
of OM (32, 33) (Section S1). If the aperture had infinite width, the observed velocity dispersion would be the virial limit where the total kinetic energy of a system can be estimated from its total gravitational potential, thus the relation GM/R ∼ σ 2 holds. In this limit, the uncertainty due to the anisotropy is minimized and the difference due to the density profile is the only factor determining the aperture averaged velocity dispersion (33). The real size of the aperture is a fraction of the effective radius, so the uncertainty due to the anisotropy is larger. tional constraints on the gravitational potential, which normalizes the angular diameter distance. and non-flat spatial geometry (nfw a CDM), where w 0 and w a are parameters. By construction the inverse distance ladder method is insensitive to the assumed cosmological models, which is reflected by the consistent values in Fig. 6 . Therefore, we adopt the value for flat ΛCDM,
Mpc −1 (68% CL) as our fiducial result. We examine and marginalize over uncertainties in the kinematics and mass profiles of the lens galaxies (Section S1). All values of H 0 we obtain are consistent with H 0 from the distance ladder method (4) and from the time-delay distances (24, 39-41). It is also consistent with, but more precise than, H 0 from the standard siren method (42, 43).
While our measurement has a larger uncertainty than other direct methods, this is dominated by statistical uncertainty because we use only two lenses to normalize the SNe distances. The precision in our H 0 measurement is presently limited by the number of strong lens systems with measured time delays and ancillary data. Systematic errors, although subdominant, are mainly due to the determination of the velocity structure of the lenses. The single apertureaveraged kinematic measurement and modeling present the main systematic error, which can be overcome by e.g., from spatially resolved kinematic data. 
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Materials and Methods

S1 Anisotropic Velocity Dispersion Models
Our method relies on the ability of the measured stellar velocity dispersion to constrain the gravitational potential of the lens galaxy. However, the gravitational potential of a system is related only to the radial component of the velocity dispersion, σ 2 r , via the spherical Jeans equation:
Here, r is the 3-dimensional radius, ρ * is the stellar density, β ani is the anisotropy parameter, and M (r) is the total mass enclosed within the radius r. However, the observable quantity is the velocity dispersion projected along the line-of-sight to the observer. This is also weighted by the luminosity as it is traced by luminous components; thus, the observable quantity can be written as
where R is the projected radius. When β ani (r) is modeled, the above relation connects the observed σ p to σ r .
We test two parametric anisotropy models: Osipkov-Merrit (OM) and its two-parameter extension (TPE). The posterior probability distributions of the angular diameter distance show a slight dependence on the anisotropic velocity dispersion model. Anisotropy parameters relate the radial and tangential components of the velocity dispersion ellipsoid (σ r and σ T , respectively). The general form of the anisotropy parameter is
where r a is an anisotropy radius. We see that β ani → β in toward the center, and β ani → β out We solve the spherical Jeans equation with this anisotropy parameter. Assuming the stellar density follows a Hernquist profile (44), we calculate the aperture-averaged luminosityweighted projected velocity dispersion. We use this quantity to infer the gravitational potential of the lens. Another stellar density model, the Jaffe profile (45), was tested with a power-law total mass density in (14) . We find that the luminosity-weighted velocity dispersion of the Jaffe profile depends less on the velocity dispersion anisotropy than that of the Hernquist profile, thus our choice of the Hernquist profile as the stellar density is more conservative.
For B1608+656, the 1σ uncertainties on the measured angular diameter distance are similar for both models: for the OM profile it is 13%, and for the TPE model it is 14%. However, for RXJ1131−1231, it is 14% for the OM profile while the uncertainty increases to 18% for the TPE model. The current data have only the aperture-averaged velocity dispersion available, so do not favor either anisotropy model over the other. Thus, we combine the posterior distance measurements from each anisotropy model for the cosmological implication analysis (see below).
S2 Calculating Velocity Dispersion
We used kernel method (46) to calculate the velocity dispersion. This requires first solving the Jeans equation (Equation (S1)), then projecting it along the line-of-sight by integrating the solution to obtain the luminosity-weighted projected velocity dispersion. This two-step process can be combined into a single kernel integration for various anisotropy models (46). In this section, we derive the kernel for the TPE model and discuss the limitation of this method when applied to the TPE model.
The general form of Jeans equation can be rewritten as,
where and df (r, r a )/dr in the TPE model become
and 
with the change of variables u ≡ r/R and u a ≡ r a /R. The line-of-sight velocity dispersion can be expressed as
For the anisotropic models (46), Equation (S8) can be approximated analytically and therefore computing Equation (S9) can be made substantially faster. However, for the case of the TPE model, the analytic integration in Equation (S8) involves Appell's hypergeometric function of the first kind (47), F 1 (α; β, β ; γ; x, y), where x and y are −u 2 /u 2 a and u 2 . The series definition of this hypergeometric function is convergent only in the region |x| < 1 and |y| < 1. Using analytic continuation, the function can be evaluated outside the region (e.g. (48)), but its implementation involves Gauss hypergeometric functions and is not necessarily faster to evaluate computationally. Thus, we have numerically estimated Equation (S9) with double integral.
In computing the velocity dispersion from spherical Jeans equation, we assume a spherical mass distribution for the lens galaxy. Nonetheless, the lens galaxies in our lens systems appear elliptical and are described by elliptical surface mass density distributions in the lens mass modeling. To test the impact of our spherical Jeans modeling assumption on our D d measurement, we use the dynamical modeling machinery of (49) . We model both the lensing and aperture-averaged velocity dispersion data self-consistently with an axisymmetric power-law mass model (instead of spherical mass model for the kinematics) using Jeans Anisotropic Models (JAM) (50) (51) (52) . As the ellipticity of the lens galaxy in RXJ1131−1231 is small (with axis ratio b/a ∼ 0.8; (20)), the velocity dispersion changes only by a few km s −1 in comparison to the case where we force the system to be spherical in the dynamical modeling (b/a = 1). This is within the measurement uncertainty of 20 km s −1 . In the case of B1608+656, the system is more elliptical (b/a ∼ 0.6; (18)), and the change can potentially be up to the 1 σ level based on our estimate from RXJ1131−1231. However this effect is still within the measurement uncertainty, as the kinematics estimate we are using is from an aperture-averaged measurement. Therefore, for our D d measurements based on single aperture-averaged velocity dispersion, sensitivity to non-sphericity is weak with limited impact on D d given the present uncertainties.
S3 Baryon-Dark matter Composite Lens Mass Model
We assumed a power-law profile power-law models for this system.
S4 Truncated Lens Mass Distribution
A conventional composite lens mass model with an infinitely extended NFW dark matter halo has been tested against a more realistic halo with a truncation radius (57) . At small radii, typically a few kpc from the center of the lens galaxy where strong lensing arcs are observed, the impact of the outer mass truncation on lensing observable has an effect almost identical to that of a mass-sheet transformation (MST) to the lens mass model (57) . The halo truncation impacts the time-delay distance constraints in the same way as MST, resulting in a biased estimate of D ∆t , but the bias is ≤ 1% (57). However, D d is unaffected by the uniform mass sheet (14), and thus the halo truncation does not affect the measured D d .
As r s changes, the lens model parameters also vary. We thus constrain the lens model parameters, Einstein radius θ E , scale radius r s , baryon M/L ratio and D ∆t , using a lens modelling code GLEE (58, 59) given different priors on scale radii from the imaging data. The prior on scale radius is either: (1) a flat prior in range 8 < r s < 40 , or (2) a Gaussian prior as r s = G(µ = 18 .6, σ = 2 .6), where µ is the mean and σ is the standard deviation of the Gaussian. Then, assuming that the posterior of these lens model parameters follow a Gaussian distribution, we calculate the covariance matrix of the parameters constrained from the lens model. We use the statistical technique of importance sampling (28, 60) (Section S5) to obtain the angular diameter distance while sampling the lens model parameters from the covariance matrix and see how different priors on r s change the distance. We test this for the composite mass model, and two anisotropic velocity dispersion models that we previously used, OM and TPE.
The results are shown in 
S5 Importance Sampling the Lensing Likelihood with Dynamical Models
To constrain the angular diameter distance using observational data, we use the posterior probability density function (PDF) of the lens model parameters obtained using the lensing and time-delay data of B1608+656 (28) and RXJ1131−1231 (29). For the kinematics of the lens, we importance sample (28, 60) the posterior PDF of the lens mass model parameters with the likelihood of the kinematics data. Therefore, we take the previously-published lensing and time-delay mass models (28, 29), and importance sample these results using the velocity dispersion measurements and our kinematic models. The model velocity dispersion is luminosityweighted and aperture-averaged to be compared with the observation. In this section we briefly summarize the data, models, and the marginalization process.
Time We model the velocity dispersion using two parametric anisotropy models as introduced above. The external convergence is estimated based on the relative number count of galaxies neighboring the lens with respect to the field galaxies, and calibrated using the Millennium Simulation (36).
Under the Bayesian framework, we find the posterior PDF of the model parameter set ξ given the choice of physically motivated models for each component, P (ξ|d ACS , σ, d env , ∆t). We test two velocity dispersion anisotropy models, thus instead of using r ani , we use β ani .
Bayes' theorem states
where ξ is the parameter vector, d is the data vector, P (d|ξ) is the likelihood of the data d given the parameters, P (ξ) is a prior distribution, and E(d) is the model evidence. The evidence can be used to compare different models, but for our purpose it can be treated as a proportionality constant that normalizes the posterior PDF. We thus obtain
As all observations are independent, the likelihood in Equation (S11) can be separated as
Writing the data dependency of the parameters explicitly, we obtain
To obtain the posterior PDF of D, we marginalize the full posterior P (ξ|d ACS , σ, d env , ∆t) over the other model parameters,
by importance sampling. Importance sampling states that the expectation value of a function,
, where x follows the PDF P 1 (x) can be calculated in the following way:
where only P 2 (x) is available and P 1 (x) is not. In combination with Bayes' theorem, importance sampling allows us to separate the data in the posterior distribution. In our case,
is the posterior given all the available data and P 2 = P (D, γ , θ E , γ ext , η, β ani , κ ext |d ACS , ∆t) is the posterior given only the lens image and time-delay data. Bayes' theorem yields
This shows that when calculating the posterior distribution of D, the lensing time-delay likelihood P 2 can be weighted by the likelihood of σ and d env , and then integrated over the rest of parameters (28, 60). 
S6 Combining Two Anisotropy Models
We calculate the posterior distribution of D d using two anisotropy models, OM and TPE using a wide range of uninformative uniform priors on anisotropy parameters. However, as there is no spatially-resolved dynamics data of these lenses available to constrain the anisotropy of the system, one model is not preferred over the other. For RXJ1131−1231, we tested two different mass models: composite and power-law, and as the two models are degenerate, both models are equally preferred. We thus conclude that both the anisotropy models (and the mass models) are equally likely, and infer cosmology from the two (four for RXJ1131−1231) distributions combined. We created equal-weight posterior distributions for all models of interest (two anisotropy models for B1608+656 and two mass and two anisotropy models for RXJ1131−1231) and concatenated them. From this combined posterior distribution, we fitted a shifted log normal distribution with three parameters σ sft , λ sft and µ sft , 
S7 Combining the JLA type Ia SNe and the Lensing Distances
We adopt a distance modulus model (37) in the JLA cosmological analysis, and combine it with the two lensing distances inferred.
As type Ia SNe are standardizable candles, cosmological analysis (37) empirically assumes that SNe in same color, shape and host galaxy environment have the same luminosity over all redshifts. Under these assumptions, the distance modulus µ dist to each SNe can be calculated following Equation (S20) once four nuisance parameters α, β, M B and ∆M are determined; α scales the stretch of the light curve in time-domain, β scales the color at the peak of the light curve, M B is the absolute B band magnitude of the SNe at the peak of the light curve, and ∆M characterizes the change in the peak absolute magnitude as a function of the stellar mass of the host galaxy. In particular,
where d L is the luminosity distance, m * B is the observed peak magnitude of the SNe in the restframe B band, X 1 is the light-curve stretch parameter in time and C is the color of a SN at its maximum brightness. Thus, once the nuisance parameters are constrained, one can measure the luminosity distance to a SN if the standardized light-curve is available.
The shape and color parameters (X 1 and C, respectively) of individual SNe are available from the SALT2 light-curve model, as well as the covariance matrix of these light-curve parameters and software to compute the likelihood of the cosmological parameters and the nuisance parameters using all the SNe in the JLA dataset (37).
For the lensing distance likelihood, we assume that the two lensing distances that we measured are independent of each other as they are well separated in redshift/location, and there is no physical reason for correlation. For each lens, we combine the posterior distributions that we obtained from importance sampling the lens models with different anisotropy models (and mass models in case of RXJ1131−1231), and use the mean and the standard deviation of the combined distributions as representing distance to the lens and its uncertainty. We use these lensing D d measurements to compute the log-likelihood of the cosmological parameters and add it to SNe log-likelihood to combine lensing and SNe, as the lensing distances and SNe distances are independent.
By combining the two experiments at the likelihood level, we simultaneously calibrate SNe at all redshifts marginalising over the nuisance parameters and obtain constraints on the cosmological parameters.
We tabulate the mean cosmological parameter constraints on six cosmological models in Table S1 and the maximum likelihood parameters of the same models in Table S2 . The constraints on H 0 are quite robust against changes in the cosmological model, despite that the constraints on the other cosmological parameters vary substantially (e.g. strongly non-flat cosmology, which can be easily ruled out by other data sets), a feature of the inverse distance ladder Table S1 : Summary of the cosmological parameters for six cosmological models tested. The parameters here are the mean of the marginalized likelihoods. Ω Λ and Ω k are the dark energy density and curvature parameters, h is the dimensionless Hubble constant defined as H 0 = 100 h km s −1 Mpc −1 , and w 0 and w a are the dark energy equation of state parameters. We impose a prior that Ω Λ > 0.
Model Table S1 . 
